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Abstract
The potential function q(x) in the regular and singular Sturm–Liouville problem can be uniquely de-
termined from two spectra. Inverse problem for diffusion operator given at the finite interval eigenvalues,
normal numbers also on two spectra are solved. Half-inverse spectral problem for a Sturm–Liouville op-
erator consists in reconstruction of this operator by its spectrum and half of the potential. In this study, by
using the Hochstadt and Lieberman’s method we show that if q(x) is prescribed on [π2 ,π ], then only one
spectrum is sufficient to determine q(x) on the interval [0, π2 ] for diffusion operator.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
It is known from the results of Hochstadt [9], Levitan [13] that knowledge of the two spectra
determines q(x) almost everywhere. If, however, a finite number of eigenvalues in one spectrum
is unknown, q(x) is not uniquely determined by one full spectrum and one partial spectrum.
This problem was investigated by Borg [1], Levitan [13]. We note that the inverse problem for
Sturm–Liouville and diffusion equations are investigated in [2–5,7,12,15–18].
* Corresponding author.
E-mail addresses: hkoyunbakan@gmail.com (H. Koyunbakan), epenahov@hotmail.com (E.S. Panakhov).0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.03.068
H. Koyunbakan, E.S. Panakhov / J. Math. Anal. Appl. 326 (2007) 1024–1030 1025Suppose that the spectrum {λn} of Sturm–Liouville operator, the number h or H and the
potential q on a half of the interval (0, 12 ) are known; one can recover the Sturm–Liouville oper-
ator based on this information. These problems are known as half-inverse problems in literature
[6,8,10,11,14,19].
The first result on the half-inverse problem is due to Hochstadt and Lieberman [10], who
proved that if {λn} = {λ˜n}, q = q˜ , h = h˜, H = H˜ on ( 12 ,1), then q = q˜ on (0,1). Later, Hald [8]
proved that if the potential is known over half the interval and if one boundary condition is given,
then the potential and the other boundary condition are uniquely determined by the eigenvalues.
This result generalizes a theorem by Hochstadt and Lieberman [10]. In [6] and [14], Gesztesy,
Simons and Malamud, gave some new uniqueness results in inverse spectral analysis with partial
information on the potential for scalar and matrix Sturm–Liouville equations, respectively. In
2001, Sakhnovich [19] studied the existence of solution to the half-inverse problem; that is, he
presented sufficient conditions on a function q˜ on (0, 12 ) and a sequence {λ2n} of pairwise distinct
real numbers tending to +∞ in order that there existed a Sturm–Liouville operator on (0,1)
with given spectrum {λ2n} and potential q coinciding with q˜ on (0, 12 ). In [11], authors gave the
necessary and sufficient condition for solvability of the half-inverse spectral problem for the class
of Sturm–Liouville operators with singular potentials from the space W−12 (0,1).
The aim of this paper is to solve half-inverse problem by using the Hochstadt and Lieberman’s
method for the following diffusion equation
−y′′ + [q(x) + 2λp(x)]y = λ2y, x ∈ [0,π], (1.1)
with boundary conditions
y′(0) − hy(0) = 0, (1.2)
y′(π,λ) + Hy(π,λ) = 0, (1.3)
where the functions q(x) and p(x) are real-valued and q(x) ∈ Wm2 [0,π], p(x) ∈ Wm+12 [0,π]
(m  1) and we shall assume for the present that neither h nor H equals ∞. The spectrum of
the problem (1.1)–(1.3) consists of the eigenvalues {λn}, which are all real and simple [4]. If
condition (1.3) is replaced by
y′(π,λ) + H1y(π,λ) = 0 (H = H1), (1.4)
then we obtain a new spectrum {λ′n}. This information together with the spectrum {λn} of problem
(1.1)–(1.3) will determine q(x) uniquely on [0,π]. Since eigenvalues of (1.1)–(1.3) are roots of
(1.3) for λ, asymptotic formula for λ is [4]
λn = n + c0 + c1
n
+ c1,n
n
,
where
c0 = 1
π
π∫
0
p(x)dx,
∑
n
|c1,n|2 < ∞,
c1 = 1
π
{
h + H + 1
2
π∫
0
[
q(x) + p2(x)]dx}.
In this paper, we shall consider the following variation of the above inverse problem: we will
not require any information about a second spectrum but rather suppose q(x) to be known almost
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will be sufficient to determine uniquely q(x) on [0,π].
2. Inverse problem for diffusion operator
Consider the following equation
−y′′ + [q˜(x) + 2λp(x)]y = λ2y, x ∈ [0,π], (2.1)
where q˜(x) have the same properties of q(x).
Theorem. Let {λn} be a spectrum of both problems (1.1)–(1.3) and (2.1), (1.2), (1.3). If
q(x) = q˜(x) on [π2 ,π], then q(x) = q˜(x) almost everywhere on [0,π], where p(x) and q(x)
are real-valued functions.
Proof. Before proving the theorem, let us mention some results about the diffusion operator.
Consider the problems
−y′′ + [q(x) + 2λp(x)]y = λ2y, (2.2)
y′(0) − hy(0) = 0 (2.3)
and
−y′′ + [q˜(x) + 2λp(x)]y = λ2y, x ∈ [0,π], (2.4)
y′(0) − h˜y(0) = 0. (2.5)
Solutions of the problems (2.2), (2.3) and (2.4), (2.5) can be expressed in the integral forms [4]
y(x,λ) = cos[λx − α(x)]+ x∫
0
A(x, t) cosλt dt +
x∫
0
B(x, t) sinλt dt (2.6)
and
y˜(x, λ) = cos[λx − α(x)]+ x∫
0
A˜(x, t) cosλt dt +
x∫
0
B˜(x, t) sinλt dt (2.7)
respectively, where
α(x) = x.p(0) + 2
x∫
0
[
A(ζ, ζ ) sinα(ζ ) − B(ζ, ζ ) cosα(ζ )]dζ.
The kernels A(x, t) and B(x, t) (A˜(x, t) and B˜(x, t)) are the solution of the problem
∂2A(x, t)
∂x2
− 2p(x)∂B(x, t)
∂t
− q(x)A(x, t) = ∂
2A(x, t)
∂t2
,
∂2B(x, t)
∂x2
+ 2p(x)∂A(x, t)
∂t
− q(x)B(x, t) = ∂
2B(x, t)
∂t2
, (2.8)
q(x) = −p2(x) + 2 d [A(x,x) cosα(x) + B(x, x) sinα(x)], (2.9)
dx
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∂t
∣∣∣∣
t=0
= 0, α(x) =
x∫
0
p(t) dt.
Using (2.6) and (2.7), we find that
yy˜ = cos2[λx − α(x)]+ x∫
0
[
A(x, t) + A˜(x, t)] cosλt cos[λx − α(x)]dt
+
x∫
0
[
B(x, t) + B˜(x, t)] sinλt cos[λx − α(x)]dt
+
x∫
0
A(x, t) cosλt dt.
x∫
0
A˜(x, t) cosλt dt
+
x∫
0
B(x, t) sinλt dt.
x∫
0
B˜(x, t) sinλt dt
+
x∫
0
A(x, t) cosλt dt.
x∫
0
B˜(x, t) sinλt dt
+
x∫
0
B(x, t) sinλt dt.
x∫
0
A˜(x, t) cosλt dt. (2.10)
By using the trigonometric addition formulas, extending the range of A(x, t), B(x, t), A˜(x, t) and
B˜(x, t) with respect to the second argument and applying some straightforward computations,
we may write (2.10) as follows
yy˜ = 1
2
{
1 + cos 2[λx − α(x)]+ x∫
0
H(x, τ) cos 2
[
λτ − α(τ)]}dτ, (2.11)
where
H(x, t) = 2
[
A(x,x − 2τ) + A˜(x, x − 2τ) + B(x, x − 2τ) + B˜(x, x − 2τ)
+
x∫
−x+2τ
A(x, s)A˜(x, s − 2τ) ds +
x∫
−x+2τ
B(x, s)B˜(x, s − 2τ) ds
+
x−2τ∫
−x
A(x, s)A˜(x, s + 2τ) ds +
x−2τ∫
−x
B(x, s)B˜(x, s + 2τ) ds
]
. (2.12)
Next, we define the function
W(λ) = y′(π,λ) + Hy(π,λ).
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W(λ) = [α′(π) − λ] sin[λπ − α(π)]+ O(1). (2.13)
Zeros of W(λ) are the eigenvalues of L or L˜ subject to the boundary conditions (1.2) and (1.3)
and if the asymptotic results of y and y˜ are considered, it is an entire function of order 1 of λ. If
we multiply (2.4) by y and (2.2) by y˜, and then subtract, after integration, we obtain
(y˜y′ − yy˜′)∣∣π0 +
π∫
0
(q˜ − q)yy˜ dx = 0. (2.14)
Using (2.3) and (2.5), we obtain
[
y˜(π,λ)y′(π,λ) − y(π,λ)y˜′(π,λ)]+
π
2∫
0
(q˜ − q)yy˜ dx = 0. (2.15)
Let
Q(x) = q˜(x) − q(x)
and
K(λ) =
π
2∫
0
Q(x)y(x,λ)y˜(x,λ) dx. (2.16)
By using the properties of y and y˜ we conclude that the function K(λ) is an entire function and
in the case of λ = λn, the first term of (2.15) is zero. Hence
K(λn) = 0. (2.17)
In addition, by using (2.6), (2.7) and (2.16) for 0 x  π we find∣∣K(λ)∣∣M, (2.18)
where M > 0 is constant. Now, we define an entire function
Ψ (λ) = K(λ)
W(λ)
. (2.19)
From (2.13), (2.18), it follows that∣∣Ψ (λ)∣∣= O(1
λ
)
,
for large |λ|. So, for all λ, from the Liouville theorem, we get
Ψ (λ) = 0 or K(λ) = 0.
Further substituting (2.11) into (2.16), we obtain
1
2
π
2∫
Q(x)
{[
1 + cos 2(λx − α(x))]+ x∫ H(x, τ) cos 2(λτ − α(τ))dτ}dx = 0.0 0
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equation also can be written as
π
2∫
0
Q(x)dx +
π
2∫
0
cos 2
[
λx − α(x)][Q(τ) +
π
2∫
τ
Q(x)H(x, τ ) dx
]
dτ = 0. (2.20)
Letting λ → ∞ for real λ, we conclude from Riemann–Lebesgue lemma that
π
2∫
0
Q(x)dx = 0 (2.21)
and
π
2∫
0
cos 2
[
λx − α(x)][Q(τ) +
π
2∫
τ
Q(x)H(x, τ ) dx
]
dτ = 0.
Then, by using the trigonometric expansion of cos function,
π
2∫
0
cosλτ cosα(τ)
[
Q(τ) +
π
2∫
τ
Q(x)H˜ (x, τ ) dx
]
dτ
−
π
2∫
0
sinλτ sinα(τ)
[
Q(τ) +
π
2∫
τ
Q(x)H˜ (x, τ ) dx
]
dτ = 0.
On the other hand, from the completeness of the functions cos and sin we obtain
Q(τ) +
π
2∫
τ
Q(x)H˜ (x, τ ) dx = 0, 0 < τ < π
2
. (2.22)
Since Eq. (2.22) is a Volterra integral equation, it has only trivial solution. Hence, we have ob-
tained our result
Q(x) = q˜(x) − q(x) = 0 almost everywhere.
This completes the proof. 
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